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Ïðåçåíòàöèÿ ÿâëÿåòñÿ êîìïèëÿöèåé è çàèìñòâîâàíèåì
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Ðåãðåññèÿ

https://www.explainxkcd.com/wiki/index.php/605:_Extrapolating
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Ëèíåéíûå ðåãðåññèîííûå
ìîäåëè
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Ëèíåéíàÿ ðåãðåññèîííàÿ ìîäåëü

Îáó÷àþùàÿ âûáîðêà:
S = {(x1, ŷ1), (x2, ŷ2), ..., (xn, ŷn)}, xj = (xj ,1, ..., xj ,m)

Ëèíåéíàÿ ìîäåëü: f (x,b) = b0 + b1X1 + ...+ bmXm

Îöåíêè:

ŷi = f (xi ,b)+ε = b0+b1xi ,1+...+bmxi ,m+ε, ε ∼ N (0, σ2)

Çàäà÷à: íàéòè �íàèëó÷øóþ� ëèíåéíóþ ôóíêöèþ
f (x,b), àïïðîêñèìèðóþùóþ S

Çàäà÷à: èëè íàéòè b = (b0, b1, ..., bm)
T.
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Ëèíåéíàÿ ðåãðåññèîííàÿ ìîäåëü

y = b0 + b1X1 + ...+ bmXm

Çàâèñèìàÿ ïåðåìåííàÿ Ñâîáîäíûå ïåðåìåííûå
Dependent variable Independent variables
Outcome variable Predictor variables
Response variable Explanatory variables
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Ëèíåéíàÿ ðåãðåññèîííàÿ ìîäåëü - ìàòðè÷íàÿ

ôîðìà

ŷ1 = b0 + b1x1,1 + ...+ bmx1,m + ε1
ŷ2 = b0 + b1x2,1 + ...+ bmx2,m + ε2

· · ·
ŷn = b0 + b1xn,1 + ...+ bmxn,m + εn

⇒ Y = Xb+ ε

Y =


y1
y2
· · ·
ym

 , X =


1 x1,1 · · · x1,m
1 x2,1 x2,m
· · · · · · · · · · · ·
1 xn,1 · · · xn,m

 , b =


b0
b1
· · ·
bm


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Ëèíåéíàÿ ðåãðåññèîííàÿ ìîäåëü

ŷi = b0 + b1xi ,1 + ε, ŷi = b0 + b1xi ,1 + b1xi ,2 + ε
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Êàêàÿ ìîäåëü ëó÷øå?
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Ëèíåéíàÿ ðåãðåññèîííàÿ ìîäåëü



Ëèíåéíûå ðåãðåññèîííûå ìîäåëè Ëîãèñòè÷åñêàÿ ðåãðåññèÿ Íåëèíåéíàÿ ðåãðåññèÿ

Ëèíåéíàÿ ðåãðåññèîííàÿ ìîäåëü -

ýìïèðè÷åñêèé ôóíêöèîíàë ðèñêà

E (b) =
1

2N

n∑
i=1

(yi − f (xi ,b))
2

=
1

2N

n∑
i=1

(yi − (b0 + b1xi ,1 + ...+ bmxi ,m))
2 → min

b

Ìàòðè÷íàÿ ôîðìà:

E (b) =
1

2N
(Y − Xb)T(Y − Xb)→ min

b

ÌÍÊ - ìåòîä íàèìåíüøèõ êâàäðàòîâ
Êàê íàéòè êîýôôèöèåíòû b? Ïðîèçâîäíûå ïî âñåì
b0, b1, ..., bm.
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Ðåøåíèå çàäà÷è îïðåäåëåíèÿ ïàðàìåòðîâ

E (b) =
1

2N
(Y − Xb)T(Y − Xb)→ min

b

∂E (b)

∂bk
=

n∑
i=1

(b0 + b1xi ,1 + ...+ bmxi ,m − yi) xi ,k

=

(
n∑

i=1

bxi −
n∑

i=1

yixi ,k

)
= 0, k = 0, ...,m.

Çäåñü xi = (1, xi ,1, ..., xi ,m)

b =
(
XTX

)−1
XTY
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Íåêîòîðûå ïðîáëåìû ñ ëèíåéíîé ðåãðåññèåé

×òî äåëàòü, åñëè ðàçìåðíîñòü ïåðåìåííûõ áîëüøå,
÷åì êîëè÷åñòâî íàáëþäåíèé?

ÌÍÊ íå ðàáîòàåò, òàê êàê ñèñòåìà óðàâíåíèé èìååò
áåñêîíå÷íîå ÷èñëî ðåøåíèé

Îñíîâíàÿ èäåÿ: îãðàíè÷èòü ìíîæåñòâî ðåøåíèé
ïóòåì îãðàíè÷åíèé íà ìíîæåñòâî ïàðàìåòðîâ b



Ëèíåéíûå ðåãðåññèîííûå ìîäåëè Ëîãèñòè÷åñêàÿ ðåãðåññèÿ Íåëèíåéíàÿ ðåãðåññèÿ

Ãðåáíåâàÿ ðåãðåññèÿ

Ïóñòü f (x,b) = b0 + b1x1 + ...+ bmxm = b0 +
∑m

i=1 bixi

Îãðàíè÷èì âîçìîæíûå áîëüøèå êîýôôèöèåíòû b
óñëîâèåì

∑m
i=1 b

2
i < C∑m

i=1 b
2
i = ‖b‖

2 - Ýâêëèäîâà íîðìà

Ãðåáíåâàÿ ðåãðåññèÿ (ridge regression):

b =argmin
b

n∑
i=1

(
yi − b0 −

m∑
j=1

bjxij

)2

ïðè îãðàíè÷åíèè
m∑
j=1

b2j < C
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Ãðåáíåâàÿ ðåãðåññèÿ (äâîéñòâåííàÿ ôîðìà)

Èñïîëüçóÿ ìåòîä ìíîæèòåëåé Ëàãðàíæà, ïîëó÷èì
ýêâèâàëåíòíóþ çàäà÷ó

b =argmin
b

n∑
i=1

(
yi − b0 −

m∑
j=1

bjxij

)2

+ λ
m∑
j=1

b2j

Ýòî çàäà÷à êâàäðàòè÷íîé îïòèìèçàöèè

Âòîðîå ñëàãàåìîå - øòðàô, çàâèñÿùèé îò
‖b‖2 =

∑m
j=1 b

2
j
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Ðåøåíèå çàäà÷è îïòèìèçàöèè

Ïðîèçâîäíàÿ ïî b ïðèðàâíèâàåòñÿ 0:

(Y − Xb)T(Y − Xb) + λbTb

= bT[XTX+λI ]b− bTXTY − YTXb+ YTY = 0

Ðåøåíèå
bãðåáí = (XTX+λI )−1XTY
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Ëàññî (Tibshirani, 1996)

Least Absolute Shrinkage and Selection Operator -
LASSO

Çàìåíèì Ýâêëèäîâó íîðìó ‖b‖2 íîðìîé L1:

b =argmin
b

n∑
i=1

(
yi − b0 −

m∑
j=1

bjxij

)2

ïðè îãðàíè÷åíèè
m∑
j=1

|bj | < C

Äâîéñòâåííàÿ ôîðìà:

b =argmin
b

n∑
i=1

(
yi − b0 −

m∑
j=1

bjxij

)2

+ λ
m∑
j=1

|bj |
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Ëàññî (äâîéñòâåííàÿ ôîðìà)

Çàäà÷à îïòèìèçàöèè áîëüøå íå êâàäðàòè÷åñêàÿ, íî
âûïóêëàÿ

b =argmin
b

n∑
i=1

(
yi − b0 −

m∑
j=1

bjxij

)2

+ λ
m∑
j=1

|bj |

Â îòëè÷èå îò ãðåáíåâîé ðåãðåññèè, íåò àíàëèòè÷åñêîãî
ðåøåíèÿ

Efron et al. (2002) ïðåäëîæèëè ýôôåêòèâíûé
àëãîðèòì lars äëÿ ðåøåíèÿ

Ðåøåíèå ðàçðåæåííîå
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Ëàññî è ãðåáíåâàÿ ðåãðåññèÿ
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Ýëàñòè÷íûå ñåòè

Ïðè ïîìîùè Ëàññî ïîëó÷àåì ðàçðåæåííîå ðåøåíèå

Ïðè ïîìîùè ãðåáíåâîé ðåãðåññèè èìååì ñëèøêîì
�ðàçìàçàííîå� ðåøåíèå

À ìîæíî ÷òî-òî ïðîìåæóòî÷íîå?

Ýëàñòè÷íûå ñåòè (elastic net):

b =argmin
b

n∑
i=1

(
yi − b0 −

m∑
j=1

bjxij

)2

+λ1

m∑
j=1

b2j +λ2

m∑
j=1

|bj |
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Ëîãèñòè÷åñêàÿ ðåãðåññèÿ
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Ëîãèñòè÷åñêàÿ ðåãðåññèÿ

À ìîæíî ëè èñïîëüçîâàòü ðåãðåññèþ äëÿ
êëàññèôèêàöèè, ò.å., êîãäà y ∈ {0, 1}?
Åñëè xib ≥ 0, òî yi = 1, èíà÷å yi = 0.
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Ôóíêöèîíàë ðèñêà â ðåãðåññèè

Èñïîëüçóåì â ðåãðåññèè:

E (b) =
n∑

i=1

(yi − f (xi ,b))
2

Ôóíêöèîíàë ðèñêà ìîæåò äàâàòü ïëîõèå ðåçóëüòàòû â
êëàññèôèêàöèè, ò.ê. ÷åì áîëüøå îòñòóï èëè îøèáêà
(yi − f (xi ,b))

2, òåì õóæå, à â êëàññèôèêàöèè
ïîëîæèòåëüíûé îòñòóï - ëó÷øå

Ïîïðîáóåì ëîãàðèôìè÷åñêèé ôóíêöèîíàë ðèñêà
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Ëîãàðèôìè÷åñêèé ôóíêöèîíàë ðèñêà

E (b) =
n∑

i=1

log2
(
1 + eyi f (xi ,b)

)
Ýòî ýêâèâàëåíòíî çàìåíå ëèíåéíîé ôóíêöèè f (x,b)
ëîãèñòè÷åñêîé èëè ñèãìîèäíîé ôóíêöèåé (ñèãìîèä)

g(z) =
1

1 + e−z
, z = bTx, 0 ≤ g(z) ≤ 1
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Ñèãìîèä

g(z) =
1

1 + e−z
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Êëàññèôèêàöèÿ

Èñïîëüçóÿ ñèãìîèä, ïîëó÷èì âåðîÿòíîñòè:

P(y = 0|x,b) = g(bTx) =
1

1 + e−bTx

P(y = 1|x,b) = 1− g(bTx) =
e−bTx

1 + e−bTx
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Êëàññèôèêàöèÿ
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Ïàðàìåòðû êëàññèôèêàöèè

Ìåòîä ìàêñèìóìà ôóíêöèè ïðàâäîïîäîáèÿ

L(y |x,b) =
n∏

i=1

(
1− g(bTxi)

)yi g(bTxi)
(1−yi ) → max

b

èëè ëîãàðèôì

L(y |x,b) =
n∑

i=1

yi ln
(
1− g(bTxi)

)
+ (1− yi) ln(b

Txi)

=
n∑

i=1

yib
Txi − ln

(
1 + e−bTxi

)
→ max

b
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Ïàðàìåòðû êëàññèôèêàöèè

Ðåøåíèå çàäà÷è îïòèìèçàöèè: ÷àñòíûå ïðîèçâîäíûå
ïî b.

Ïðîáëåìà: íåëüçÿ ïîëó÷èòü ðåøåíèå â ÿâíîì âèäå

Íî: ôóíêöèÿ ïðîèçâîäíîé ÿâëÿåòñÿ âîãíóòîé

Ñëåäîâàòåëüíî ìîæíî ïîëó÷èòü ÷èñëåííîå ðåøåíèå,
íàïðèìåð, ïðè ïîìîùè ãðàäèåíòíîãî ñïóñêà.
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Ëîãèñòè÷åñêàÿ ðåãðåññèÿ ñî ñãëàæèâàíèåì

Öåëåâàÿ ôóíêöèÿ - îòðèöàòåëüíàÿ ëîãàðèôìè÷åñêàÿ
ôóíêöèÿ ïðàâäîïîäîáèÿ

min
b

[
−1

n

n∑
i=1

yib
Txi − ln

(
1 + e−bTxi

)]
+λ1

m∑
j=1

b2j +λ2

m∑
j=1

|bj |
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Íåëèíåéíàÿ ðåãðåññèÿ
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Ïîëèíîìèàëüíàÿ ðåãðåññèîííàÿ ìîäåëü

f (x , a) = a0 + a1x + a2x
2 + ...+ aMxM =

M∑
i=0

aix
i
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Ñóììà êâàäðàòîâ îòêëîíåíèé

E (a) =
1

2

N∑
i=1

(f (xi , a)− yi)
2
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Ïîëèíîì 0-îé ñòåïåíè
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Ïîëèíîì 1-îé ñòåïåíè
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Ïîëèíîì 3-åé ñòåïåíè
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Ïîëèíîì 9-îé ñòåïåíè
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Çàâèñèìîñòü îøèáêè îò ñòåïåíè ïîëèíîìà

(ïåðåîáó÷åíèå)

Ñðåäíåêâàäðàòè÷åñêàÿ îøèáêà ERMS =
√

2E (a)/n
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Ðåãóëÿðèçàöèÿ (ñãëàæèâàíèå)

Øòðàôóåì âîçìîæíûå áîëüøèå êîýôôèöèåíòû ïîëèíîìà
f (x ,w)

E (w) =
1

2

N∑
i=1

(f (xi ,w)− yi)
2 +

λ

2
‖w‖2

=
1

2

N∑
i=1

(f (xi ,w)− yi)
2 +

λ

2

m∑
k=1

w 2
k
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Ïðîãðàììíàÿ ðåàëèçàöèÿ â R

https://cran.r-project.org/web/views/MachineLearning.html

Package `glmnet', ïðàêòè÷åñêè âñå ìîäåëè: ãðåáíåâàÿ
ðåãðåññèÿ, ìåòîä Ëàññî, ýëàñòè÷íûå ñåòè,
ëîãèñòè÷åñêàÿ ðåãðåññèÿ

Package `lars', ìåòîä Ëàññî

Ôóíêöèÿ `lm()', îáû÷íàÿ ëèíåéíàÿ ðåãðåññèÿ

Ôóíêöèÿ `polyGC()', ïîëèíîìèàëüíàÿ ðåãðåññèÿ
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Âîïðîñû

?
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